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Q ■ Abstract 

We consider N independent quantum particles, in an infinite square 
potential well and an external electric field. These particles are modelled 
by a system of linear Schrodinger equations on a bounded interval. This 
is a bilinear control system in which the state is the TV-tuple of wave 
1 functions. The control is the real amplitude of the electric field. For 

, N — 1, Beauchard and Laurent proved local exact controllability around 

. ■ the ground state in arbitrary time. We prove, under an extra generic 

i-C assumption, that their result does not hold in small time if N > 2. Still, 

, for N = 2, we prove that local controllability holds either in arbitrary 

time up to a global phase or exactly up to a global delay. We also prove 
that for N > 3, local controllability does not hold in small time even up 
to a global phase. Finally, for N = 3, we prove that local controllability 
holds up to a global phase and a global delay. 

> 

£ — . Keywords : bilinear control, Schrodinger equation, simultaneous control, re- 

turn method, non controllability. 
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1 Introduction 



1.1 Main results 



As proposed in |44) , we consider a quantum particle in a one dimensional infinite 
square potential well submitted to an external electric field. The evolution of 



the wave function ip is given by the following Schrodinger equation 

f idti/j = -dlj, - u(t)M*M (*,*) G (0,T) x (0, 1), 

W(t,o) = V(M) = o, ie(o,T), 



(l.i) 



where \x £ ff 3 ((0, 1), R) is the dipolar moment and u : t e (0,T) H> R is the 
amplitude of the external electric field. This is a bilinear control system in which 
the state ip lives on a sphere of L 2 ((0, 1), C). 
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Let us consider a set of TV identical and independent particles submitted to a 
single external electric field. Neglecting entanglement they are represented by 
the system 

f id t ^ = -dl x ^ -u{t)^{xW, (t,x)e (o,T)x (o,i),jg{i,...,tv}, 
\v i (t,o) = ^'(t J i) = o, te(o,T),ie{i,...,TV}. 

(1.2) 

Before going into details, let us set some notations. In this paper, (•, •) denotes 
the usual scalar product on £ 2 ((0, 1), C) i.e. 

1 



(f,9) = / f{x)g(x)dx 
Jo 

and S denotes the unit sphere of L ((0, 1),C). We consider the operator A 
defined by 

V{A) := J ff 2 ni/ o 1 ((0,l),C), A V :=-d 2 xxV . 
Its eigenvalues and eigenvectors are 

A fc := (/«7r) 2 , := v / 2sin(A;7ra;), Vfc G N*. 

The family (<^fc)fc e N* is an Hilbert basis of L 2 ((0, 1),C). The eigenstates are 
defined by 

$k(t,x) := ip k (x)e~ lXkt , (t,x) e R+ x (0, 1), k G N*. 



Any TV-tuple of eigenstates is solution of system (|1.2p with control u = 0. Fi- 
nally, we define the spaces 



Hfa((0,l),C) :=2?(A S / 2 ), V,s>0, 

/+oo > 



'(0)1 

endowed with the norm 

/+oo \ V2 



and 

{+00 , 
a = (a k ) keN , G C N * ; ^ |fc s a fe | 2 < +rc> 

endowed with the norm 



fe=i 



/ + oo \V2 
l|a||/i. := [J2\k s a k \ 2 j . 

Our goal is to control simultaneously the particles modelled by (|1.2|) with initial 
conditions 

^'(0.aj) = ^(af), (0,1), j e {1,...,TV}, (1.3) 

locally around (<&i, . . . , $jy) using a single control. 

The case TV = 1 of a single equation was studied, in this setting, in [SJ Theorem 
1] by Beauchard and Laurent. They proved exact controllability, in in 
arbitrary time, locally around $i. Their proof relies on the linear test, the 
inverse mapping theorem and a regularizing effect. We prove that this result 
cannot be extended to the case TV = 2. 
In the spirit of [5], we assume the following hypothesis. 
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Hypothesis 1.1. The dipolar moment fi £ H 3 ((0, 1),R) is such that there 
exists c > satisfying 



Remark 1.1. In the same way as in [51 Proposition 16], one may prove that 
Hypothesis [TT1 holds generically in -ff 3 ((0, 1), R). 

Using H2 Theorem 1], Hypothesis 11.11 implies that the j th equation of system 
(|1.2|) is locally controllable. 

Hypothesis 1.2. The dipolar moment /i £ H 3 ((Q, 1),R) is such that 

A := (li<Pi,<Pi){(jJt') 2 <P2,<P2) ~ (m<£2,<£2)((//)Vi,¥>i) ^ °- 

Remark 1.2. For example, /Lt(x) := a; 3 satisfies both Hypothesis 11.11 and 11.21 
As in [6, Proposition 16], one may prove that Hypothesis 11.11 and 11.21 hold 
simultaneously generically in H 3 ((0, 1),R). 

Remark 1.3. Hypothesis 11.21 implies that there exists j £ {1,2} such that 
(fiipj,(fj) 7^ 0. Without loss of generality, when Hypothesis 11.21 is assumed 
to hold, one should consider that ([Mpi, (pi) =/= 0. 

Theorem 1.1. Let N ~ 2 and fi £ iJ 3 ((0, 1),R) be such that Hypothesis EH 
hold. Let a £ { — 1, 1} be defined by a :— sign(A.([Mpi,<pi)). There exists T* > 
and e > such that for any T < T t , for every u £ £ 2 ((0, T), R) with 



Thus, under Hypothesis 11.21 simultaneous controllability does not hold for 
(ip 1 , ip 2 ) around ($i,$2) in small time with small controls. The smallness as- 
sumption on the control is in H^ 1 norm. This prevents from extending jB] 
Theorem 1] to the case N > 2. However, when modelling a quantum par- 
ticle, the global phase is physically meaningless. Thus for any 9 £ R and 
V 2 £ L 2 ((0,1),C), the states e l9 (ip 1 , ip 2 ) and (ip 1 ,^ 2 ) are physically equiva- 
lent. Working up to a global phase, we prove the following theorem. 

Theorem 1.2. Let N = 2. LetT > 0. Let /i £ H 3 {{0, 1), C) satisfy Hypothesis 
li.il and ([A(pi, ifii) 7^ (a«^2j ^2) ■ There exists £ R, Eq > and a C 1 map 



\{Wj,v>k)\ > 4, VfceN*, Vje {!,...,#}. 




the solution of system il.2\) - H77S\) satisfies 



(^(T), ^ 2 (T)) ^ ($i(T), (V 1 - <$ 2 + ia*) $ 2 (T)) , V<5 > 



r : o, 



L 2 ((0,T),R) 



where 



O 



e ■— 



{($,$) G ff ( 3 0) ((0,l),C) 2 ; = <5, =fe and 



2 



^||^-e^^(T)|| ff 3 o) <e }, 
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such that for any £ O £o , the solution of system Al.ty) with initial con- 

dition and control u = Tfypipj) satisfy 

(^(T),^(T)) = (^,^). 

Remark 1.4. Notice that (ipi (t) , ip (t)) is an invariant quantity of system (|1.2p . 
for every j, k £ {1, . . . , N}. Using the initial conditions (|1.3p . it comes that 
(ip J (0), i> {0)) = Sj—k- Thus, the condition (ipj , = 6j = k is not restrictive. 

Remark 1.5. The same theorem holds with initial conditions close enough to 
(<pi,<f2) satisfying the constraints (see Remark 14. II in Section |4~2")) . 

Working in time large enough we can drop the global phase and prove the 
following theorem. 

Theorem 1.3. Let N = 2. Let fj, e H 3 ((0,1),C) satisfy Hvvothesis [7771 and 
A(/jupi, tpi) — (fJ.<f2, P2) 7^ 0. There exists T* > such that, for any T > 0, there 
exists £0 > a C 1 map 

T:O £0 . T ^L 2 ((0,T* +T),R) 

where 

O £0 .t ■= {(V<},V>/) e # ( 3 o)((0, 1),C) 2 ; = Sj=k and 

En^/-^( T )iko, <£ °}' 

3=1 

suc/i £/ia£ /or any ytppi/j'j) S Oe ,t> solution of system kl.ty) with initial 
condition 11. 3\) and control u = r(^,^) satisfy 

(^\T*+T)^ 2 (T*+T)) = {i>},ip}). 
Remark 1.6. Remark 1 1.51 is still valid in this case. 

We now turn to the case TV = 3. We prove that under an extra generic assump- 
tion, Theorem II .21 cannot be extended to three particles. Assume the following 
hypothesis. 

Hypothesis 1.3. The dipolar moment /i £ H 3 ((0, 1),R) is such that 

+ ((Wl^l) - (MV3,^3))((M / ) 2 V2,V2) 

+ ((^2,^2) - (Wl^Oji^'f^.^) 7^ 0. 

Remark 1.7. Hypothesis 11.31 implies that there exist j, k G {1,2,3} such that 
(fj,(pj,tfj) 7^ (fiipk,(pk)- Without loss of generality, when Hypothesis 11.31 is as- 
sumed to hold, one should consider that (fj,ipi,tpx) ^ (^2^2)- 

Remark 1.8. Again, Hypothesis 11.11 and 11.31 hold simultaneously generically in 
i? 3 ((0,l),M). 

We prove the following theorem. 
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Theorem 1.4. Let N = 3 and fx £ H 3 ((0, 1), K) 6e suc/i i/iai Hypothesis \T3{ 
hold. Let (3 £ { — 1, 1} oe defined by (3 = sign(13({fj,cp2> <P2) — (yuyi, - There 
exists T» > and £ > suc/i £/ia£, /or any T < T», /or every it <E £ 2 ((0, T), M) 
with 

\ 1/2 



u(r)di 



di < e, 



£/ie solution of system il.2\) - H77S\) satisfies for every S > and ^ £ M, 

(^ (T) , ^ 2 (T) , ^ 3 (T)) ^ e iv ($x (T) , $ 2 (T) , ( ^1 - <5 2 + <5> 3 (T) 

Thus, in small time, local exact controllability with small controls does not 
hold for N > 3, even up to a global phase. The next statement ensures that it 
holds up to a global phase and a global delay. 

Theorem 1.5. Let N = 3. Let ll £ H 3 ((0, 1),C) saiis/y #ypo£/i esis li.il and 
5(iiipi, tpi) — 8{jjLif2, ^2) + 3(fi(f3, 933) 7^ 0. There exists 9 £ K, T* > smc/i i/iai ; 
/or any T > 0, i/iere exists So > and a C 1 map 

r : O eo ,T -> £ 2 ((0,T* +T),R) 

w/iere 

O E0 ,t := e i? ( 3 0) ((0,l),C) 3 ; (lS f ,il>))=S j =k and 

Y,W-e iB MT)\\H? 0) <£o}, 
j'=i 

swc/i that for any yt/jpippt/j 3 ^ £ O e0t T, the solution of system il.ty) with initial 
condition and control u = T (ipj , i/jj , ip 3 f ) satisfy (^(T* +T),ip 2 (T* + 

T)^(T*+T)) = (V},^,V>?)- 
Remark 1.9. Remark 1 1.51 is still valid in this case. 

1.2 Heuristic 

Contrarily to the case N = 1, the linearized system around a couple of eigenstate 
is not controllable when N > 2. Let us consider, for N = 2, the linearization of 
system (|1.2|) around ($1,^2) 

' t *J = -a^'-u(%(a;)$ 3 -, (i,x) e (0,T) x (0,1), j £ {1,2}, 

< V(t,0) = &(t,l) = 0, t£(0,T),j£{l,2}, 

l ^*(0 J x) = 0, xG (0,1), j €{1,2}. 

For j = 1,2, straightforward computations lead to 

+00 „T 

^(T) = jV( Wj ,^) / v(t)e^- x ^dm(T). 
k=i Jo 

Thus, thanks to Hypothesis ll.il we could, by solving a suitable moment problem, 
control any directions (* J (T), $ fe (T)), for k > 3. The fact that 



($\T), $ 2 (T)) + (* 2 (T), $i(T)) = 0, 
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come from the linearization of the invariant 




is a strong obstacle to controllability (see Section [6]). 

In this situation, where a direction is lost at the first order, one can try to 
recover it at the second order. This strategy was used for example by Cerpa and 
Crepeau in [13] on a Korteweg De Vries equation and adapted on the considered 
bilinear Schrodinger equation by Beauchard and the author in [B]. Let, for 



ie{i,2}, 

( idt? = - v(t)n(x)& - wWnWQj, (t, x) G (0, T) x (0, 1), 



The main idea of this strategy is to exploit a rotation phenomenon when the 
control is turned off. However, as proved in |HJ Lemma 4], there is no rotation 
phenomenon on the diagonal directions (£ J '(T), <& 3 -(T)) and this power series 
expansion strategy cannot be applied to this situation. 

Thus, the local exact controllability results in this article are proved using 
Coron's return method. This strategy, detailed in [23], relies on finding a ref- 
erence trajectory of the non linear control system with suitable origin and final 
positions such that the linearized system around this reference trajectory is 
controllable. Then, the inverse mapping theorem allows to prove local exact 
controllability. 

As the Schrodinger equation is not time reversible, the design of the reference 
trajectory (4>l e f, ■ ■ ■ , V^/ > u ref) is not straightforward. The reference control 
u re f is designed in two steps. The first step is to impose restrictive condition on 
u re f on an arbitrary time interval (0,e) in order to ensure the controllability of 
the linearized system. Then, u re f is designed on (e,T*) such that the reference 
trajectory at the final time coincides with the target. For example, to prove 
Theorem II. 5 1 the reference trajectory is designed such that 



I. 3 Structure of the article 

This article is organized as follows. We recall, in Section [5J well posedness 
results. 

To emphasize the ideas developed in this article, we start by proving Theorem 

II. 51 Section [3] is devoted to the construction of the reference trajectory. In 
Subsection 14.11 we prove the controllability of the linearized system around 
the reference trajectory. In Subsection 14.21 using regularity results of [B], we 
conclude the return method thanks to an inverse mapping argument. 

In Section [5j we adapt the construction of the reference trajectory for two equa- 
tions leading to Theorems 11.21 and 11.31 

Finally, Section [BJ is devoted to non controllability results and the proofs of 
Theorems [TTT] and 11.41 




t€(0,T), 
x G (0,1). 




(1.4) 



G 



1.4 A review of previous results 

Let us recall some previous results about the controllability of Schrodinger equa- 
tions. In [3], Ball, Marsden and Slemrod proved a negative result for infinite di- 
mensional bilinear control systems. The adaptation of this result to Schrodinger 
equations, by Turinici |45j . proves that the reachable set with L 2 controls has 
an empty interior in S n H? Q ^((0, 1),C). Although this is a negative result it 
does not prevent controllability in more regular spaces. 

Actually, in 0], Beauchard proved local exact controllability in H 7 using 
Nash-Moser theorem for a one dimensional model. The proof of this result was 
simplified, by Beauchard and Laurent in [6], by exhibiting a regularizing effect 
allowing to apply the classical inverse mapping theorem. In [5] , Beauchard and 
Coron also proved exact controllability between eigenstates for a particle in a 
moving potential well. 

Using stabilization techniques and Lyapunov functions, Nersesyan proved 
in [42] that Beauchard and Laurent's result holds globally in H 3+£ . Other 
stabilization results on similar models were obtained in [7J [351 ED GS ED] by 
Mirrahimi, Beauchard, Nersesyan and the author. 

Unlike exact controllability, approximate controllability results have been ob- 
tained for Schrodinger equations on multidimensional domains. In |14) . Cham- 
brion, Mason, Sigalotti and Boscain proved approximate controllability in L 2 , 
thanks to geometric technics on the Galerkin approximation both for the wave 
function and density matrices. These results were extended to stronger norms 
in |12j by Boussaid, Caponigro and Chambrion. Approximate controllability in 
more regular spaces (containing H 3 ) were obtained by Nersesyan and Nersisyan 
|43| using exact controllability in infinite time. Approximate controllability has 
also been obtained by Ervedoza and Puel in [26] on a model of trapped ions. 

Simultaneous exact controllability of quantum particles has been obtained 
on a finite dimensional model in |46j by Turinici and Rabitz. Their model uses 
specific orientation of the molecules and their proof relies on iterated Lie brack- 
ets. In addition to the results of [2], simultaneous approximate controllability 
was also studied in [15] by Chambrion and Sigalotti. They used controllability 
of the Galerkin approximations for a model of different particles with the same 
control operator and a model of identical particles with different control opera- 
tors. These simultaneous approximate controllability results are valid regardless 
of the number of particles considered. 

Finally, let us give some details about the return method. This idea of de- 
signing a reference trajectory such that the linearized system is controllable was 
developed by Coron in [15] for a stabilization problem. It was then success- 
fully used to prove exact controllability for various systems : Euler equations 
in [HI [23 ED] by Coron and Glass, Navier-Stokes equations in [2"0I |2"71 [XT ] 124] 
by Coron, Fursikov, Imanuvilov, Chapouly and Guerrero, Burgers equations in 
[34l l32l [T6] by Horsin, Glass, Guerrero and Chapouly and many other models 
such as [HI [5H1 [3U US] . This method was also used for a bilinear Schrodinger 
equation in 0] by Beauchard. 

The question of simultaneous exact controllability for linear PDE is already 
present in the book [37] by Lions. He considered the case of two wave equations 
with different boundary controls. This was later extended to other systems by 
Avdonin, Tucsnak, Moran and Kapitonov in [21 HI 135). 

To conclude, the question of impossibility of certain motions in small time, 



7 



at stake in this article, for bilinear Schrodinger equations was studied in [2H IB] 
by Coron, Beauchard and the author. 



2 Well posedness 

First, we recall the well posedness of the considered Schrodinger equation with 
a source term which proof is in [5J Proposition 2]. Consider 

r id t ip{t, x) = -d^(t, x) - u(t)fi(x)i>(t, x) - f(t, x), (t, x) € (0, T) x (0, 1), 

#,o)=#,i) = o, te(o,T), 
[vM = Vo(z), £6(0,1). 

(2.1) 

Proposition 2.1. Let fj, G H 3 ((0, 1), R), T > 0, tp G Hf Q) (0,l), u G L 2 ((0,T),M) 

and f G i 2 ((0,T),7J 3 n Hq). There exists a unique weak solution of i2.1\) , 
i.e. a function ip € C°([0,T],H^) such that the following equality holds in 
ff ( 3 0) ((0,l),C) for every t G [0,T], 

V>(t) = e" M Vo + i I e- iA ^[u{T)^(T) + /(r)]dr. 
Jo 

Moreover, for every R > 0, t/iere exists C — C(T, [i, R) > suc/i i/iai ; if 
II m IIl 2 (o,t) < -Rj i/ien £/iis weafc solution satisfies 

!l^llc°([0,T],,ff ( 3 o) ) < c(\\tPo\\ H 3^ + ||/||L 2 ((0,T),ff 3 nffi))- 

// / = 0, tfien 

IW*)IIl* ( o,i) = IIV'oIUw)' vte [o,t]. 



3 Construction of the reference trajectory for three 
equations 

The goal of this section is the design of the following family of reference trajec- 
tories. 

Theorem 3.1. Let N = 3. Let /j G ff 3 ((0,l),C) saiis/j/ Hypothesis O and 
5(//(/?i, yi) — 8{fj,(fi2, (fi2)+3(fiip3, ip3) 7^ 0. LetTi > be arbitrary, e <E (0,Ti) and 
£i G (§,e). There exist fj > 0, C > smc/i i/iai /or every r\ G (0, 77) ? ^ere exist 
T* = T*(t?) > Ti, = 0(t?) G R andu^ G L 2 ((0, T*), R) W? t/i ||< e/ || L2(0 ,T*) < 
C77 smc/i £/iai £/ie associated solution (i/j^e/i tfref' ^ref) °f ljl-2\) - [T73\) satisfies 

(jl1pl ef (ei), Vre/( £ l)) = (Wl^l) + 

i^ref( e l)^ref( s l)) = (W2,¥>2/\ (3.1) 

(Hil>* ef (ei),ip* ef (ei)) = (flips, <p 3 ), 

Wre/( e )>re/( £ )) = (Wl.^l), 

(^re/(e): ^re/( £ )) = (Wi V?2> + »?, (3.2) 
(/«V ) re/( £ ))V , re/( e )) = (t*<P3 , V>a) , 
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and 

(^ ref (T*)^ 2 ref (T*),^ 3 ref (T*)) =e 4 V>^ 3 ). (3.3) 

Remark 3.1. For any T > 0, uj? e/ is extended by zero on (T*,T* + T). Thus, 
there exists C > such that, | l^e/l |l 2 (o,t*+t) < C77, (|3.ip . (|3.2p are satisfied 
and 

(# e/ (T* + T),tf ef {T* + T),^ ref {T* + T)) = e^($x(T), $ 2 (T), S» 3 (T)). 

Remark 3.2. The choice of a parameter 77 sufficiently small together with con- 
ditions (|3.ip and (|3.2p will be used in Section 14.11 to prove the controllability of 
the linearized system around the reference trajectory. The control w^e/ w * n be 
designed on (0,Ti) and extended by zero on (Xi,T*). 

The proof of Theorem 13.11 is divided in two steps : the construction of u^e/ on 
(0,e) to prove (|3.ip and (|3.2p and then, the construction on (e,Ti) to prove 
(|3.3p . This is what is detailed in the next subsections. 

3.1 Construction on (0, e) 

Let u^, e j = on [0, |). We prove the following proposition. 

Proposition 3.1. Let fj, G -ff 3 ((0,l),C) satisfy Hvvothesis IJ.il There exists 
rf > and a C 1 map 

f:(0,r,*)^L 2 ((|, £ ),M), 

such that r(0) = and for any n <G (0,77*), the solution (tpref'^ref'^ref) °f 
system (l.SHj) with control u^, e j := T(r]) and initial conditions V^ e /(f ) = ^j(§)) 
forj = 1,2,3, satisfies £0]) and fOp . 

Proof of Proposition 13.11 : We consider the map 

6: i 2 ((§,e),K) -> R 3 x R 3 

u ^ (ei(«),e 2 (u)). 

where 

9i(u) := ((/^(ei),^(ei)) - (Wj.'Pj})^' 

and 

2 (u) := ({nP(e),V(e)) - ( m , V>i)) i=lfl>3 ■ 

Thanks to Proposition O 6 is well defined. As 9(0) = ((0, 0, 0), (0, 0, 0)), 
Proposition 13.11 is implied by application of the inverse mapping theorem to 9 
at the point 0. 

First step : C 1 regularity and differential of 9. 
Using Proposition 12 .11 it comes that 9 is C 1 . For every u,v £ L 2 ((|,e),R), its 
differential is given by 

dQ(u)(v) = [(2^^^s 1 ),^(e 1 ))))^ 123 ,{2n((^(e),^(e)))) i=123 ) , 

(3.4) 
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where ft/ 1 , *S> 2 , ^> 3 ) is the solution of 

id t ¥ = -d 2 x & - u(t)pi(x)^ j - v(t)ii(x)4>3, (t,x) G (0,e) x (0, 1), 
^(t > 0) = ^(t,l)=0, iG(0,e), 
^'(|,z)=0, a?e(0,l), 

and (if) 1 , ip 2 , ip 3 ) is the solution of system (|1.2p with control u and initial con- 
ditions = $j(f) for j = 1,2,3. 

Second step : invertibility of dO(0). 
Consider now that u = 0. Then, for t G (|, e) and j G {1, 2, 3}, 

R«^(t), *,•(*))) =X)Wi,V*> 2 / «(r)sin((A fc -A,)(t-r))dr. 



Let ((71,72,73), (71172,73)) G R 3 x R 3 . Thanks to Proposition IA.1I fsee the 

< 2 ' 



appendix), we can define two controls (1)1,1)2) G L 2 ((|,£i),R) x L 2 ((ei,e) 



such that for j = 1,2,3 

ui(t)e 4(A ^ A ^*dt = 0, VfcGN*\{4}, 
Ul(t)e HA 4 -A,) Mf= e 7^ 



f 1 



w 2 (i)e 4(A "- A3) *dt = 0, VfcGN*\{4}, 

w 2 (0e l(Al " Aj) *ch = — — - ( e^-^jj - e 1 ^-^ 1 ^) 

v ; 2i(uv>4.(PA) 2 V ,J 'V 



2i{fiipj,(f4) 

Thus, if we define 

v(t) :- 

we get that, 



«i(t) if fe(|,ei), 
u 2 (i) if i G (ei,e), 



de(o)(u) = ((71,72,73), (71,72,73)) ■ 

Finally, we can apply the inverse mapping theorem and Proposition 13.11 is 
proved. ■ 

3.2 Construction on (e, Ti) 

For any j G N* , let Vj be the orthogonal projection of L 2 ((0, 1),C) onto 
Span c (<^ fc ,fc > j + 1) i.e. 

fe=i+l 

The goal of this subsection is the proof of the following proposition. 
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Proposition 3.2. Let < T < T f . Let fj, e H 3 ((0,1),C) satisfy Hypothesis 
\1.1\ and 5 (flip i, tpi) — 8(^2, V2) + 3(/iy>3, (^3) 7^ 0. There exists 6 > and a 
C 1 -map 

Os.To ■= |w,^,V-o 3 ) G (5 n Hf 0) (0, l)) 3 ; Eli^o- *j(T )\\ Hfo) <s\ , 

such that f To , T/ ($ 1 (To),$ 2 (To),$ 3 (To)) = and, i/^VM) € Or ,a, the 
solution yip 1 , ip 2 , V' 3 ) of system lil.ty) with initial conditions ipi(To,-) = ^q, /or 
j = 1, 2, 3 ; and control u := TT ,T f (^o> V'oj ^0) sa ^ s fi es 

Vi(^(T f )) = V 2 ^ 2 (T f )) = V^{T f )) = 0, (3.5) 

3((^ 1 (T / ),$ 1 (T / )) 5 (^(r / ),<i> 2 (r / ))8(^(r / ),<i>3(r / )) 3 )) =o. (3.6) 

Remark 3.3. The conditions p.5[) and (|3.6[) will be used in the next subsection 
to prove (|3.3p . 

Proof of Proposition 13.21 : Let us define the following space 

X 1 := e# ( 3 0) ((0,l),C) 3 ; (^• > Vfc)=0, Vfc G {1, . . . ,j}} . 

We consider the following end-point map 

Q To>Tf : L 2 ((T ,T f ),R) x F ( 3 0) (0, l) 3 -> ff 3 0) (0, l) 3 xlixl, 
defined by 

Q TotTf (u,^ ,i>l^ ) := (^,V-o 2 >o, V^T f )),V 2 {^{T f )),Vz{^{T,)), 
3( (V/^), ^^T/)) 5 WTI^TTF^ 3 ^), $ 3 (T / )) 3 )) 

where (i/j 1 , -i/? 2 , -0 3 ) is the solution of (|1.2[) with initial condition i/j j (Tq, •) = V^o 
and control u. Thus, we have 

®T , Tf (0, $i (T ), $ 2 (T ), $3 (To)) - (*i(T ), $ 2 (T ), $ 3 (T ), 0, 0, 0, 0). 

Proposition 13.21 is proved by application of the inverse mapping theorem to 
e TotTf at the point (0, $i(T ), $ 2 (T ), $ 3 (T )). 

Using the same arguments as in [51 Proposition 3], it comes that St ,t> is a C 1 
map and that 

dO ToiTf (0, $i(T ), $ 2 (T ), # 3 (T )).(fl, *5, *§, *g) 
= (*J, *§, f 3 , Pi (VP 1 (!Z») , V 2 (* 2 (T f )) , 7> 3 (* 3 (T/)) , 

53((vf 1 (T / ),$ 1 (T / )))-83((vI/ 2 (T / ),<i>2(T / )))+33«vI/ 3 (T / ),$3(T / )))), 
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where (^P 1 , \& 2 , * 3 ) is the solution of 

id t V = -d 2 xx V - v{t)ii(x)$3, (t,x) G (T ,7» x (0,1), 3 G {1,2,3} 

* J '(t,0)=^'(t J l) = 0, *G (T ,7»,jG {1,2,3} 

* J '(T ,a;) = tfg(aO, xG (0,1), j 6 {1,2,3}. 

(3.7) 

It remains to prove that d6 To , T/ (0, *i(T ), $a(To), *s(To)) : £ 2 ((T , T/), R) x 
/f 3 %(0, l) 3 — > H 3 k(0, l) 3 x X\ x R admits a continuous right inverse. 

Let (tfj,^,* 3 ,) G # ( 3 0) (0,1) 3 , (V'j.V/,^/) e Xi and r G R. Straightforward 
computations lead to 



*KTf) = £ (<*o.**( r o)> +i(m,<Pk) P v(t)e« x >- x *dt\$ k (T f ). 



+00 r T f 

/ 

*!=i 

Finding u G L 2 ((T , T f ), R) such that 



W'(Z»)=i#, je {1,2,3}, 

3(5(* 1 (r / ), $i(!Z»} - 8(* 2 (T / ), ^(T/)} + 3<* 3 (T», $3(7/))) = r, 

is equivalent to solving the following trigonometric moment, Vj = 1,2,3, Vfc > 
3 + 1 

v(ty^-^dt = 1 ((^.gfcCzv)) - (^ ,$ fe (To))), 

Tl , t)dt = r - S(5(^, - 8(ttg, $ 2 (T )) + 3(ttg, $ 3 (r ))) (3 ' 8) 

/T 5(^1, V?l) - 8(//y) 2 , <^2) + 3(/^ 3 , y> 3 ) 

Using Proposition lA. H and the hypotheses on /x this ends the proof of Proposition 



3.3 Proof of Theorem I3TT1 

Let 6 > be the radius defined in Proposition 13.21 with To — e and Tf = T\ . 
For i] > we define the following control 

forte(0,|), 
forte(|, £ ), (3-9) 
for i G (e,Ti). 

We prove that this control satisfy the conditions of Theorem 13.11 







Proof of Theorem 13.11 : The proof is decomposed into two parts. First, we 
prove that there exists rj > such that for r\ G (0, 77) , u^f is well defined and 
satisfies | |z*^ e ^ | |z, 2 (o.Ti) < Crj. Then, we prove the existence of T* > and 6 G R 
such that if it£. is extended by on (Ti, T*), (j3~Tj) . (|3T2")l and ([3"3]) are satisfied. 

First step : - is well defined. 
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Using Proposition 13. 11 the control u^ e j is well defined on (0,e) as soon as rj <E 

(0,r]*). Moreover, using Lipschitz property of T, there exists C(rf) > such 
that 

IK? e/ |U 3(f , £) = 11%) - f (0)|U 2(f , £) < C(r,*)ri. 

Thanks to Proposition 12. H there exists C(e) > such that if ||m||l 2 (o,£) < U 
the associated solution of (|1.2[) - (|1.3|) satisfies 

U 3 (£)-^(£)\\h* b) <C(e)\\u\\ l ^ £) , fori = 1,2,3. 
Thus, using Proposition GH if C(e)C(rf)rj < § , we get that for j = 1, 2, 3, 

||# e/ (e)-<Me)ll*? 0) <| 
Thus, uj, e j is well defined on (0, T\), Moreover, there exists C(S) > such that 

IKe/IU^s.TO 

= llfe.TxWe/^),^™/^).^™/^)) -f e ,r I (*i(e).*a(e),*3(e))IU»( e ,T 1 ) 

3 

<C(6)Y,U J (e)-t> 3 (e)\\H? 0) 

3=1 

< 3C(6)C(e)C(if)i]. 
Finally, choosing 

^ <min G*'3C(^)'W))' 

implies that | l^re/ 1 li 2 (o,Ti) < C* 7 ?- Here and throughout this paper C denotes a 
positive constant that may vary each time it appears. Thanks to Proposition 
O it comes that (j3"Tj) and (|3~2]) hold. 

Second step : We prove the existence of a final time T* > and a global 
phase € R such that (|33|) holds. 
Proposition 13.21 implies 

€e f (Ti) = EW./CTiJ.^CT!))**^), Vj - 1,2,3, (3.10) 
fc=i 

3((^ / (TO,$i(T 1 )) 5 (^/TO,$ 2 (TO) 8 (^ 3 e/ ( T i)' <i5 3(T 1 )> 3 )=0. (3.11) 

Using the invariant of the system, (^e/'^re/) = ^7=fe; f° r J> ^ {1, 2, 3}, this 
leads to the existence of 0i, 02, ^3 € (— 7r,7r] such that 

C / (T 1 ) = e-^^(T 1 ), Vj = 1,2,3. 

Using (|3.1ip . it comes that 

sin (56»i - 86*2 + 36» 3 ) = 0. 
Using Proposition 12 .11 it comes that, up to a choice of a smaller rj, 

56»i - 86> 2 + 36*3 = 0. (3.12) 
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Let T* and 9 be such that T* > T x and 

h-B 2 



A2 — Ai 
X2 — Ai A2 — Ai 



Ai 



O2 [2vr] 



This choice leads to 



J 0! + XiT* - 6 = [2n], 
\6 2 + X 2 T* - 6=0[2n]. 

Then, using the definitions of T* and 9 and (|3.12p we get 

A3 fn n \ A2 . 



A 3 T* - 6» 



Ai 



A2 — Ai 



A2 — Ai 



A2 — Ai 



92 [2tt] 



1 



-(501-802 + 303) [2tt] 
= [2tt]. 

Finally, if we extend ?4' e/ by on (Ti,T*), we have that (ipref^ref^ref) is 
solution of (|1.2p - (|1.3p with control u^, e f and satisfies for j G {1, 2, 3} 

C/(^) = e-^+^ T *)^ = e- i Vi- 
This ends the proof of Theorem 13.11 



4 Proof of Theorem 11.5 



This section is dedicated to proof of Theorem 11.51 For the sake of simplicity, 
the proof is done in the case T = 0, the extension to the general case being 
straightforward. The proof is divided in two parts. In Subsection 14.11 the 
functional setting is specified and we prove the controllability of the linearized 
system around (V^p V>re/) ^rep u ref) for V sma11 enough. For j € {1, 2, 3}, let 

i8t& = - u ref {t)tx{x)W - v{t)n{x)iP ref , (t, x) e (0, T*) x (0, 1), 

&(t,0) = * J '(i,l) = 0, fe(0,T*), 

&(0,x) = 0, x 6(0,1). 

(4.1) 

We conclude the proof of Theorem II. 5 1 using the linear test, in Subsection 

4.1 Controllability of the linearized system 

For any t > 0, let 

X{ : = {(</)\</) 2 ,</) 3 ) e ff ( 3 0) ((0,l),C) 3 ; </(*)>) =0, for J = 1,2,3 

and (^,^ e /(*)> = -WM^M, ^ (j, fc) = (2, 1), (3, 1), (3, 2)} 
The following proposition holds. 



(4.2) 
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Proposition 4.1. There exists fj G (0, 77) such that, for any rj G (0,r)), if 
T* , u ref an d (^refi^ref'^ref) are defined as in Theorem \3.1l there exists a 
continuous linear map 

L: X£» -»■ L 2 ((0,T*),R) 

suc/i that for any € x£„ , £/ie solution (^j 1 , \& 2 , \& 3 ) of system j4-l\ ) 

with control v = L(ipj, ip 2 - , tjj 3 ,) satisfies 

(&(T*),y 2 (T*),V 3 (T*)) = (i>),tf,i>f). 

Before proving Proposition 14.11 we set some notations. For any r\ £ (0,rj), for 
any t € (0,T*), let XJ t be the propagator of the following system 

r i^V - -d 2 xx ip - v? ref (t)n(x)1>, (t, x) G (0, T*) x (0, 1), 
J V(*,0) = V(i,l) = 0, «e(0,T*), 
U(O,a;)='0 O (O,x) ) xe(0,l), 

i.e. = ^(t). We also define U t the propagator associated to u re f = i- e - 

oo 

fc=i 

For fc > 4, we define $>k(t) '■= Utifik- For the coherence of notations, we also set 
<lj := 4>t ef for j = 1,2, 3. For any r? e (0,r/), and any t € (0, T*), ($*(*)) fceN . is 
the image of ((fk)keN* by an unitary operator. Thus, (^fc(^)) fcgN , is an Hilbert 
basis of L 2 ((0,1),C). 

Proof of Proposition 14.11 : The map L will be designed on (0, Ti) and ex- 
tended by on (Ti,T*), where T x is as in Theorem E) 
Let 

T:= {(j,k) G {1,2,3} xN*;k>j + l} U{(3,3)}, 

and 

Vo := {(d\d 2 ,d 3 ) G h 3 (N*,C) 3 ; d{ = 0, if (j, k) <£ 1 and 5R(d 3 ) = o} . 

Let R : X — > N the rearrangement such that, if u n := — Aj with n = fc), 
the sequence (w ra ) ng N is increasing. Notice that = i?(3, 3). 

First step : we prove that the directions (^(Ty), i>fc(7/)) for (j, fc) G I are 
controllable in any positive time Tf. 
Let 

dr, : V = (V 1 ,^ 3 ) G ^ 4,(^.4, WO) G Vo, 

where for j = 1, 2, 3, 

4 /t *M = = <^*CT/)>, if(j,fc)el, 
4 /ife (^): = 0, if(i,fc)0J. 

The next lemma ensures the controllability of the directions (\6^ (T/), $fc(T/)) 
for (j, fc) G X. 
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Lemma 4.1. Let Tf > and 

F: L 2 ((0,7»,R) -> V 

where ^ := (vl/ 1 , 'I' 2 , VP 3 ) is i/ie solution of J^.i[ ) toztft. control v. There exists 
f] = fj(Tf) G (0,77) sucft t/iat, /or any 77 G (0,?)), i/iere exists a continuous linear 
map 

L F : V Q -> L 2 ((0,T / ),R) 

(d\d 2 ,d 3 ) ^ v 

smc/i i/iai /or any (d 1 , d 2 , d 3 ) G Vo, i/ie function v — Lp(d 1 , d 2 , d 3 ) satisfies 

F(v) = (d\d 2 ,d 3 ). 

Proof of Lemma \4-.1\ : The proof is based on the fact that the moment problem 
associated to F(v) — d is close to the exponential moment problem correspond- 
ing to u n ref = 0. 

Let v G L 2 ((0,7»,C) and 4f = (* 1 ,# 2 ,\E' 3 ) be the solution of system ([577]) . 
Straightforward computations lead to 

(^(7»,$ fc (7») = i{fttpj,<Pk) I 1 v(ty^- x ^dt, for (j,fc)6l. 

Jo 

For n G N*, we define w_„ = — oj n . As proved in Proposition IA.ll if Ho := 
Adh L 2( T/ ) (Span{e 8 "™', n € Z}), the map 

J : #0 -> £ 2 (Z,C) 

is an isomorphism. 

Getting back to (|4.ip . straightforward computations lead to 



(^(Ty), = 1 I v(t)(^ ref (t),$ k (t))dt, for G I. 

Thus, let us define 



fn ■= ^ re/ ' r~ , for (j, fc) G i and n = fc), 

and /_„ := /„, for 71 G N*. We also define 

J: L 2 ((0,T/),C) -> ^ 2 (Z,C) 



H- (/ T ^(t)/n(t)dt 



We prove that J\h is an isomorphism. This relies on the fact that there exists 
C > such that for any v G L 2 ((0, T/), C) 



E I «(*)/«(*)* - v(t)e^dt 2 < C\\vP r e/ ||| 2(0 . T ,)||«||!= ( o,t »■ (4-3) 
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Before proving this inequality, let us show that it enables to conclude the proof 
of Lemma 14.11 

Let v £ Z, 2 ((0,7»,C). As, (e l "" ) neZ is a Riesz basis of H , [S Proposition 19] 
implies that there exists C > such that 



E 



' v{i)e iUnt dt 2 < C\\v\\ 2 L2 . 



Together with (|4.3p . it implies the existence of M > such that 



E 

riez 



v(t)f n (t)dt 



< M\\v\ 



L- 



(4.4) 



Thus, J is a continuous linear map with values in ^ 2 (Z, C). 
Estimate (|4.3|) also implies that for any u 6 i?o, 



||J(«)- Jo(«)ll3»(z,C) 



E 

n£N 



«(*)/„(t)dt- / v(t)e*"»*d« 



2> 



v{t)f n (t)dt- I f v(t) 



This leads to 



- C|l M re/lli 2 (0,T / )ll Z; llL 2 (0,T / )- 



lk|H - ■Jo|| J C(J? ,*») < CIKe/lli^O^) < C^. 



As Jo is an isomorphism, there exists r) = fj(Tf) £ (0, 77) such that, for any 
77 G (0,r)), the map Jijj is an isomorphism. 



Let {d},d 2 ,d 6 ) £ V . We define d„ 



-, for (j, k) £ I and n = fc), 



and d_„ := d„, for n S N*. The map £p defined by 

L F (d\d 2 ,d 3 ) := Jg,(d) 



ends the proof of Lemma 14.11 Indeed, the construction of d and uniqueness of 
solution in Hq imply that Lp(d 1 ,d 2 ,d 3 ) is real valued. 



We now prove that (|4.3p holds. Let (J, k) £ I and n = R(j, k). Then, for any 

»6i a ((o,r / ),c) l 



v{t)f n {t)dt- / vity^dt 



' v(t)( ^ ref $ k (t))dt- I ' v{t)e« x *- x *dt 



< 



* j (T f ) 



-,$ k (T f )) - ( y J \ 



MT f ) 



W(T f )-V(T f ) 
(W>j,ip k ) 



(4.5) 
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We study each term of the previous right-hand separately. Using Hypothesis 
11.11 it comes that for j € {1, 2, 3}, 



E 



fc=i 



&(T f )-V(T f ) 



,*k(T f )\ <C\\V(T f )-V(T f )\\* H3 



Then, Proposition 12.11 implies that 

2 ((0,T f ),H 3 nHi) 

^ C \\Uref\\L^(0,T f )\\v\\L^(0,T f ), 

and finally, 

3 oo 



EE 

3=1 fc=l 



We study in the same way the first term of the right-hand side of (|4.5p . Using 
Hvpothesis ll.il it comes that for j € {1, 2, 3}, 



&(Tf) \ 2 



Yn 

OO 

< \k 3 (* j (Tf),$ k (T f ) - $ fc (Ty)} 



k=l 



= CJ2 \k 3 (W(T f ),U Tf <Pk - U Tf 



<Pk] 



fe=i 



C^\k 3 (UZ f &(T f )-U}V(T f ), 



<Pki 



fe=i 



3 ) 

(0) 



where we denoted by and t/J the adjoint operators of Ut } and Ux f ■ Using 
unitarity, it comes that is the propagator at time Tf of system 

f id t i> = dlj> + u v ref (T f - (t, x) G (0, I» x (0, 1), 

\VM) = V(M) = o, tetfJ.T,). 

The same holds for fTJ, with u^ e y = 0. Proposition 12 . 1 1 still holds and implies 

\\U^(Tf)-U^(T f )\\ H3 

1 (0) 

< C I |< e/ \\ L *{o,T f )\\Ut V (T f )\ U~ ((0 , T/ ), fffo) j 

^ciK/IUw/)!!*^ 1 /)!!^ 

< ^IKe/IU 2 (0J>)IMU=(0,T>) 
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Thus, 

3 oo 



and (|4.3p holds. This ends the proof of Lemma |4~T1 



□ 



Second step : Riesz basis and minimality. 
To prove that we can also control the remaining directions, we will use the 
following lemmas. 

Lemma 4.2. LetTf > and H := Adh^^^ ) (5pan{/„, n £ Z}). If 7] < fj(Tf), 
then (f n )nez * s a Riesz basis of H. 

Proof of Lemma \4-%\ ■ Using [6l Proposition 19], it comes that (/ n )nez is a 
Riesz basis of H if and only if there exists C\ , Ci > such that for any complex 
sequence (a n ) ne z with finite support 



Cl (? K ' 2 ) 



1/2 



< 



^ * ®nfr< 



< 



L 2 (0,T f ) 



C2 (? K ' 2 ) 



1/2 



Lemma T4.ll together with [TU1 Theorem 1] imply that there exists C\ > such 
that for any complex sequence (a„) n6 z with finite support 



^ ^ Q"nfn 






n 


L 2 (0,T / ) 





1/2 



(4- 



Using again [TUl Theorem 1], we get that there exists Ci > such that for any 
complex sequence (a n ) ne z with finite support 



^ ^ &nf n 


<c 2 


(l>l") 


n 


L 2 (0,T f ) 





1/2 



(4.9) 



if and only if, for any g € L 2 ((0, 7», C) 

(El 9(t)U(t)dt 2 



1/2 



< c. 



Thus, inequality (|4.4p implies that (|4.9p is satisfied. Together with (|4.8p . it ends 
the proof of Lemma T4. 2 1 

□ 

From now on, we consider f) < min (fj(e/2), f)(Ti)) and 77 g (0,7?) fixed for all 
what follows. We omit r] in the notation u^e/- 



Lemma 4.3. Let fj 



/or j G {1,2}. 27ie family E! := 



(/n)„ eZ U {/i,i,/2,2} «s minimal in L 2 ((0, Ti), C). 
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Proof of Lemma '■ Assume that there exist (c n ) ne z G ^ 2 (Z, C) and ci.i, 
C2,2 € C, not all being zero, such that 

d,i/i,i + ca.a/2,2 + X) = °' ini 2 ((0,T!),C). (4.10) 

Thus, 

ci, 1/1,1 + 02,2/2,2 + X c "^ n = °' in ^ 2 (( ' 2-*' C )' 



As /o = /i,i = /2,2 = 1 on (0, 1), there exists c € C such that 
ci, 1/1,1 + c 2 , 2/2,2 + c /o = c/o, on (0, |). 

Thus, 

c/o + X = °' ini2 ((°'|)' C )- 

n£Z* 

As 77 < f)(e/2), Lemma 14.21 with Tf = e/2 implies minimality of (f n )nez m 
L 2 ((0, |),C). Thus, 

c = and c„ = 0, Vti e Z*. 

Thus, equation (|4.10[) imply that, 

ci,i/i,i + 02,2/2,2 + c /o = 0, on(0,Ti). (4.11) 

Finally, using conditions (|3.ip and (|3.2p in (|4.1ip lead to c\ t \ = 02,2 = and 
then Co = 0. This is a contradiction, thus the family S is proved to be minimal 
ini 2 ((0,T 1 ),C). 

□ 

Third step : we recover the remaining directions. 
Using |6, Proposition 18], Lemma [4 . 31 implies that there exists a unique biorthog- 
onal family associated to 3 in Adh L 2( >Tl ) (Span(S)) denoted by {/( 1, f'^^i (/n)nez}- 
This construction ensures that f[ 1 and f 2 2 are real valued. 

Let V/ G X S T , and i> f := (e iA ( T * Lri V}, e^T'-T,) ^ ^(t'-t,)^ As ^ 

is identically equal to on (Ti,T*), it comes that ip* S x£ . The map L is 
defined by 

L :tpf £ Xj,» i-> « e L 2 ((0,T*),M), 
where i> is defined on (0,Ti) by 



v := w 



with -uo := LF(d,T 1 (4'f)) and extended by on (Ti,T*). Notice that L is linear 
and continuous and that as vo, f[ 1 and /^ 2 are real valued so is v. 
Let ^ 2 , VP 3 ) be the solution of (|4.1|) with control u. Using the biorthogonal 
properties, the definition of vq and Lemma 14 . 1 1 with Tf = T\ we get that 

(^'(T 1 ),$ Jfc (T 1 )> = (^ > $ fc (Ti)) > V(j,fc)£lU{(l,l),(2,2)}. 
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We check that v also controls the remaining extra-diagonal terms. Straightfor- 
ward computations give 



(Ti), $i(Ti)) = -{^(TO.^Ti)). 



Yet. by definition of v and , 



(* 1 (T 1 ),^ e/ (T 1 )) = (^,$ 2 (T 1 )) 



= -(^,*i(T 1 )). 

This leads to 

(* 2 (T 1 ),$ 1 (T 1 )) = (^,$ 1 (T 1 )). 

The same computations hold for (* 3 (Tx), $i(Ti)) and (* 3 (Ti), $ 2 (Ti))- Thus, 
as ($fe(Ti))fc G N* is a Hilbert basis of L 2 ((0, Tx), C), it comes that 

(^(to^tx),* 3 ^)) = (v;}> 2 ,v; 3 ). 

As u is set to zero on (Ti,T*), this ends the proof of Proposition 14. II ■ 

4.2 Controllability of the nonlinear system 

In this subsection, we end the proof Theorem 11.51 We define 

A: L 2 ((0,T*),R) -> X ! T , 
where ip 2 , ip 3 ) is the solution of (|1.2[) - ([1.3p with control u and 

3-1 

- £ ((^ e/ (T*)) + (^ e/ (T*),/» C/CO- 
fc=i 

Thanks to this definition, A takes value in (defined in (|4.2[l ) and A(u re /) = 
(0, 0, 0). First, we prove that we can control the projections Vj. More precisely, 
we prove the following proposition. 

Proposition 4.2. There exists 5 > and a C 1 -map 

T:O 5 ^i 2 ((0,T*),K), 

with 

Qs ■= 64 ; £||#IUr» 0) <« 

suc/i tfurf T (0,0,0) = M re / and for any (ijjj,4>'f,ipf) G ^5, solution of system 
< U.£|) -i TOj) with control u := Y (■tjjj , ipj : ipj) satisfies 
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Proof of Proposition 14.21 : This proposition is proved by application of the 
inverse mapping theorem to A at the point u re f- Using the same arguments as 
in [51 Proposition 3], it comes that A is C 1 and for any v <E L 2 ((0, T*), E), 

dA(u ref ).v = (A{*HT')),V2{* 2 (T*)),V 3 (* a (T<))), 

where (^)j=i,2,3 is the solution of system (|4.1[) with control v. Straightforward 
computations lead to Vj(^! j (T*)) = &(T*) and thus 

dA{u ref ).v = (^(T*),* 2 ^*),* 3 ^*)). 

Proposition 14.11 proves that dA(u re /) : L 2 ((0,T*),R) — > Xj,» admits a contin- 
uous right inverse. Then application of the inverse mapping theorem ends the 
proof. 

■ 

Proof of Theorem EU : Let e > and (ipj , ipj , ipj) € -ff ( 3 0) ((0, 1),C) 3 such 
that 

3 

= S j=k and m ~ i>Lf(T*)\\H? 0) < e. 

3 = 1 

Let 

Let 6 be the radius defined in Proposition 14.21 There exists £o > such that 
for any e G (0,e ), , 4>j , ^ 3 ) G Slg and 

3?((V},^ e /( T *))) >0, VjG {1,2,3}. (4.12) 

Let u := T(^,^?,^f). Let (tp 1 , ip 2 , ip 3 ) be the solution of system (fl~2>(|L~3"]) 
with control u. We prove that 

(^(T*),^(T*),^(T*)) = (^f^j^j). 

Up to a reduction of Sq, we can assume that 

R((i> j (T*),i>ief( T *)) >0, VjG {1,2,3}. (4.13) 

By definition of T and "Pi it comes that 

Thanks to ([4TT2]l - ((4TT3]l and the fact that ^(T*)^ = \\ip)\\ L *, we get 

V(T*) = ^}. (4.14) 
The equality V 2 (ip 2 {T*)) = tpj gives 

^ 2 (T*) - (i, 2 (T*),ti ef (T*))ti ef (T*) - K((^T*),tf ef (T*)M ef (T*) 

(4.15) 



22 



Taking the scalar product of (|4.15[) with ipj, using (|4.14p and the constraints 
(ijj 2 (T*), ^(T*)) = (ipj^j) = 0, it comes that 

{^{T%^ ef {T*)){^ e} {T%^})+^ 2 ^ 

= &},ti ef (T*)){ti ef (T*),iP}) + ^ 2 ^ 2 ef (T*)))(tf ef (T*)^}). 

(4.16) 



As U 2 (T*)\\ L 2 = U 2 f \\ L 2, we also get 



\(ljj 2 (T* ) , tp]. e f (T*)} | 2 + 0? ( (^> 2 (T* ) , 1p 2 ef (T*))) 
= \(^ f ,^ ef (T*))\ 2 +^ 2 ^ 2 ref (T*))) 



(4.17) 



Straightforward computations prove that, up to an a priori reduction of £o, 
equalities (|4~TC| and (|4~T7| imply 

m^ 2 (T*),tf ef (T*))) =mtf,tf ef (T*))) (4.18) 

In view of (|4.16p . this leads to 

(^(T*),^/^*)) = tt>Wref{T*)). (4.19) 

Finally, using these two last inequalities in (|4.15p . we obtain 

V> 2 (T*) = V/. (4.20) 
Using p3(ip 3 (T*)) = ipj and the exact same strategy we also get 

v> 3 (n = ^. (4.2i) 

Thus equalities (|4~T4"|) . P~2"0)) and P~2Tj) end the proof of Theorem [L5l with 

r^},^/) :=r(v 1 (ij) 7 v 2 ^j 2 ),v 3 (^ f )). 



Remark 4.1. As mentioned in Remark ll.5l a slight change in the proof allows to 
prove Theorem 11.51 for initial conditions (^q, -0q, iPq) close enough to {(pi, v?2, V?3) 
satisfying 

(V^ fc ) = Vj, fee {1,2,3}. (4.22) 

To this aim, the inverse mapping theorem is applied at the point (u re /, ipi, (f2, fz) 
to the map 

A : L 2 ((0,T*),M) x (S n Hf 0) (0, l)) 3 -> (5 n iT ( 3 0) (0, l)) 3 x X f T , 
defined by 



A^^.V'O 2 ,^) = (W)i=l,2,3,^(V J '(r*)) 



The compatibility condition (|4.22p will then lead to (|4.16p , the conclusion being 
unchanged. 
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5 Controllability results for two equations 



Theorem 11.51 leads to local exact controllability up to global phase and a global 
delay in the case N = 2. Actually the strategy we developed can be improved in 
this case to obtain less restrictive results, namely Theorems 11.21 and 11.31 Here, 
we only detail the construction of the reference trajectory, the application of 
the return method being very similar to Section [4] 

In all this section, we consider N = 2. Let T\ > and e € (0,Ti). As in 

Theorem 13. 1[ the reference control is designed in two steps. 

Let u = on [0, §). Proposition 13. II is replaced by the following proposition. 

Proposition 5.1. There exists if > and a C 1 map 

f :(0,rf)^L 2 ((|, £ ),M), 

satisfying L(0) = such that for any n 6 (0, 77* ) , the solution {if) 1 ^ 2 ) of system 
(l.Ofy with control u := T(rj) and initial conditions ip J ' (|) = <£■;/(§) for j = 1,2 
satisfies 

(/iV4/( e )>V4/( e )) = (Wi.w) +V, 
(/i^e/(e),V4/( e )) = (M^2,^2>. 

As previously, this proposition will ensure controllability of the linearized 
system around the reference trajectory. The proof is a simple adaptation of 
Proposition 13. II and is not detailed. 

We now turn to two different constructions of reference trajectories on (e,Ti), 
to replace Proposition 13.21 

5.1 Controllability up to a global phase in arbitrary time 

Let T > be arbitrary. Up to a reduction of e, we assume that T = T\, We 
prove that there exists a global phase 9 > and a control on (e, T) such 
that the associated trajectory (4>ref' i'ref) °f <|1-2|) - (|1.3|> satisfies Proposition ^. 11 

(^ e/ (T),Vv 2 e/ (T)) = e^T^aCT)), (5.1) 
and ||M^ e/ ||L2 (0jT) < Cn. 

Proposition 13.21 is replaced by the following proposition which proof is a simple 
adaptation of the one of Proposition 13.21 and is not detailed. 

Proposition 5.2. There exists S > and a C 1 -map 

f :6 S ^ L 2 ((e,T),M) 

with 

6s := \ (^,V 2 ) G (S n Hf 0) (0, l)) 2 ; £ ||^ -^-(e) \\m <S 
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such that f $ 2 (e)) = and, if (ipQ,ip 2 ) e ®s> ^ e solution (ip 1 ,ip 2 ) of 

system with initial conditions ip^s, •) = ipo> f or j = 1,2, and control 

u := r(^Q,?/;g) satisfies 

V 1 (i' 1 (T))=V 2 {iP 2 (T))=0, (5.2) 
3((^T),$ 1 (T))pS(ff))=0. (5.3) 
There exists rj > such that for 77 S (0, 77) , the control 

forte(0,|), 
ffo) forte (|,e), 

f(^ ref (e)^l ef {e)) forte(e,T), 

is well defined and satisfies | l^^e/ 1 li 2 (o,r) < 
Proposition 15.31 implies that 

^ 1 e/ (T) = (^ 1 e/ (T),$ 1 (T))$ 1 (T), 

Vv 2 e/ (T) = W&/Cr).*iCO>*i(T) + (^ 2 e/ (T),$ 2 (r))$ 2 (T), 
3(Wv 1 e/ (r),$ 1 (T))(v4 / (r),<i> 2 (r)))=o. 

Thus, using the invariant of the system, it comes that there exist 9%, 62 £ [0, 2ir) 
such that 

(^ e/ (T)> 2 e/ (T)) = (e-^xCZV-^CT)), 

and 

fll-e a = 0[27T]. 

Finally, this implies that there exists Sgt such that 

(V're/CO) i>ref(T)) = e* ($1 (T) , $ 2 (T)). 

Then, application of the return method along this trajectory as in Section 0] 
implies Theorem II .21 

Remark 5.1. When working up to a global phase, one can introduce a fictitious 
control (see [39]) and consider for j £ {1,2}, 

j id t ip j = -d 2 xx i> j - u(t)/j,(x)ip j - cj(t)V j , (t,x) £ (0,T) x (0, 1), 

\v ( t,o) = v J (t,i) = o, te(o,T). 

One can prove local controllability up to a global phase by linearization of this 
system around the trajectory ($1, <I> 2 , u = 0,uj = 0). 

5.2 Exact controllability in large time 

We prove that there exists T* > and a control wj? e j on (e, Ti) such that if 

is extended by on (Ti,T*), the associated trajectory (tpl ef ,tp 2 ef ) of (|1.2p - (|1.3p 

satisfies Proposition 15. 11 

(^ e/ (T*),^ 2 e/ (T*)) = (^,^), (5.5) 

and IK' e/ ||L2(o,T) < C 1 ??. 

Proposition 13.21 is replaced by the following proposition which proof is a simple 
adaptation of the one of Proposition 13.21 and is not detailed. 
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Proposition 5.3. There exists S > and a C 1 -map 
with 

2 



Os := | (^o) G (<* n fff 0) (0, l)) 2 ; - ^( £ )|| H 3 o) < 5 

smc/i that f ($i(er), <& 2 (e)) = and, if (V'oiV'o) e ^<5; ^ e solution V 2 ) °/ 
system il.ty) with initial conditions ^{e, •) = ?/>q, /or j = 1,2, and control 
u := T(^q,?/;q) satisfies 

V 1 ^ 1 (T 1 ))=V 2 (^ 2 (T 1 ))=0, (5.6) 
3(V (7\), $ 1 (T 1 )) 4 (V 2 (T 1 ),$ 2 (T 1 )))) = 0. (5.7) 

There exists rj > such that for n S (0,^), the control 

f forte(0,|), 

| ffo) forte(|,e), (5-8) 

lf(# e/ (e),# e /(e)) for t € (s,Ti), 

is well defined and satisfies 1 1'"^/ 1 li 2 (o.T , i) ^ ^ r l- 

Proposition 15.31 implies the existence of 0i, 9 2 S [0, 2n) such that 

= ( e - ei <J> 1 (T 1 ),e-^$ 2 (T 1 )), 
46»i — 6> 2 = 0[2tt]. 

Let T* > Ti be such that 

0i + AiT* = 0[2tt] 

This choice leads to 

9 2 + X 2 T* = 4(6>i + AiT*) = 0[2tt]. 

Finally, if we extend u l re ^ by on (Ti,T*), we have that (tflef^ref) ^ s solution 
of (jl.2p ~ p.3p with control uj? e . and satisfies 

Then, application of the return method along this trajectory as in Section [4] 
implies Theorem II .31 

6 Non controllability results in small time 

The goal of this section is the proof of Theorems 11.11 and 11.41 
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6.1 Heuristic of non controllability 

We follow the strategy developed in [H] to study system (|1.2[) in the case N = 2. 
Using power series expansion, we consider for j € {1, 2}, 

u = + ev + e 2 w, 

tp j = $j + e¥ + e 2 £, j + o(e 2 ). 

This leads to the following systems, for j G {1,2}, 

idtW = -d^W - v(t)ft(x)$j, {t,x) € (0,T) x (0,1), 

&(t,Q) = &(t,l) = 0, te(0,T), (6.1) 

* 3 (0,x)=0, a;G(0,l), 
and 

f idt? = -dl x ^ - v(t)n(x)^ - w(t)ii(x)*j, (t,x) 6 (0,T) x (0, 1), 

e'(i,0) = e'(t,l) = 0, «G(0,T), (6.2) 

U J '(0,x)=0, are (0,1). 
Let us try to reach 

(^(T)^ 2 (T)) = ($ 1 (T),( v /l-5 2 + 4 ^)$ 2 (T)), (6.3) 

with 5 > and a defined in Theorem ll.il from (-0 1 (O), ^(O)) = (<fii,<P2)- Con- 
dition (|Q| imposes * X (T) = i.e. 

i;ey T :=|vei 2 ((0,T),M); / w(t)e l(Afc ~ Al) *dt = 0, Vfc 6 N* 1 . 



Let us define the following quadratic forms, for j 6 {1,2}, associated to the 
second order 

Q Ttj (v):=me(T),^(T)}) 

v(t) w(r) ^(M^,Vfe> 2 sin((A fe - A 3 -)(*-r))^ drdt, 
and 

Qt(v) ■■= (fJUPl,<Pl)QT,2(v) - {(i<P2,<P2)QT,l(v)- (6.4) 

The following proposition states that in time small enough, the quadratic form 
Qt has a sign on Vr- 

Proposition 6.1. Assume that fi satisfies Hypothesis \1.2l Then, there exists 
T* > such that for any T 6 (0, T*), for any v 6 Vr\{0}, 

^Qt(w) < 0. 

Proof of Proposition [O : Let v 6 Vr and s : f £ (0,T) 4 / *w(t)(1t. 
Performing integrations by part, we define a new quadratic form 



QT,j(s) ~-((ji') <Pj,<Pj) I S(t) 2 dt+ j S (t) j S (T)h J (t-T)dTdt = Q Tj (v), 

(6.5) 
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where h : t ^ J2t=i( X k ~ Aj) 2 (Wj, ¥>fc) 2 sin((A fc - Xj)t) G C°(E,M). Thus, if 
we define 

Qt{s) := (wi,^i)Qt,2(s) - (W2,<£2)Qt,i(s), (6-6) 

we get that 

Qt(v) = Qt{s) = -A\\s\\l 2 + f s(t) [ S ( T )h{t - T)drdt, 

Jo Ja 

with 

h := (fj,cpi,<pi)h 2 - (^2,^2)^1 € C°(M,R). 

We can assume, without loss of generality, that A > 0. Thus, there exists 
C = C([i) > such that 

Qt(v)<{-A + CT)\\s\\ 2 l2 . (6.7) 
Thus, we conclude the proof by choosing T* < ^. 

■ 

Remark 6.1. This Proposition indicates that, in small time, there are target 
that cannot be reached. However, using the theory of Legendre form (see e.g. 
[33l lll|l. we can prove that Qt lacks coercivity in L 2 ((0, T), R). This is why 
we work directly with the quadratic form Qt adapted to the auxiliary system 
defined in Subsection 16.21 

Remark 6.2. This strategy is only valid for small time and we do not know if 
this quadratic form changes sign in time large enough on Vr- Following the 
strategy of [S], this would imply local exact controllability in large time but it 
is an open question. 



6.2 Auxiliary system 

We consider for j <S {1, . . . , N} 

j = -dlJ* - is{t){2 l x'{x)d x ^ + n"(x)fi) + S (i)V (z) 2 ^', la D , 
< _. (6.8) 
{^ J (t,0) = il?(t,l) =0. 

and initial conditions 

i^(0, •) = ¥>,•• (6.9) 
This control system is derived from system (|1.2|l - (|1.3|l by setting 

p(t,x) =j> j (t,x)e is ( t) ^ x) withs(t) := / u(r)dr. (6.10) 



The well posedness of the Cauchy problem with a source term associated to 
system (|6.8|) - (|6.9p may be proved similarly to Proposition 12.11 fsee [5]). More 
precisely, consider 

idti) = -d 2 x ,J - is(t)(2[i'(x)d x i> + n'\x)$) + s{t) 2 ii\x) 2 ij + f(t, x), 

$(f,0)=^(t,l) = 0, 

-0(0,-) = -00- 

(6.11) 

We get the following proposition. 
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Proposition 6.2. Let fx G H 3 ((0, 1), R), T > 0, ^ € #o(0,l), s § i 2 ((0,T),R) 
and / G ^ 2 ((0, T), -ff^O, 1)). There exists a unique weak solution ip G C* o ([0, T], -ffp) 
o/ h6.11\) . Moreover, for every R > 0, i/iere exists C = C(T, n, R) > suc/i £/ia£, 
*/ || s ||l 2 (o,t) < Rj then this weak solution satisfies 

\\$\\c°{[o,T],Hl) < c(\\i>Q\\ H i + \\f\\m(o,T),H^y 

If f = 0, tten 

||#)IU»(o,i) = 11^11^(0,1), Vie [0,T]. 

6.3 Non exact controllability in arbitrary time with N = 2. 

In this subsection, we consider system (|1.2[) with N ~ 2 and prove Theorem ll.il 
This result is a corollary of the following theorem for the auxiliary system. 

Theorem 6.1. Let /j, G iJ 3 ((0, 1),R) 6e smc/j tfiaf #ypo£/i esis hold. Let 
T* > be as in Provosition \6. 1\ and a G {— 1, 1} as in Theorem \l.ll For any 
T < T„, there exists e > such that for every s G L 2 ((0,T),R) with \\s\\i,2 < s, 
the solution of system i6.8\) - [KV\) satisfies 

($ X {T),^{T)) ^ ($i(T)e ie », (Vl - 5 2 + iaS^j $ 2 (T)e'^) , V6 > 0,V6> G R. 

Before getting into the proof of Theorem 16. 1[ we prove that it implies The- 
orem 11.11 

Proof of Theorem [Hi] : Let T < T* and e > defined by Theorem EU Let 
u G L 2 ((0,T),R) be such that 



u(r)dr 



\ 1/2 
At) <e. 



Assume by contradiction that 

(^(T),^(T)) = ($!(T), (VT^P + taS) <h(T)) , 

for some 5 > 0. Let s and ^ be defined by (|6.10[) . Then ||s||x,a < e and ifti is 
solution of (|6.8p - (|6.9p and satisfies 

(^ 1 (T),i/j 2 (T)) = ($ 1 (T)e-' is(T ^, ( Vl - <* 2 + *a*) $ 2 (T)e~' is(T)Al ) • 
Thanks to Theorem 16.11 this is impossible. 

■ 

Proof of Theorem 16.11 : Without loss of generality, we assume that A > 0. 



First step : we prove that — Qt is coercive for T < T* . 

,4 

C • 



Using (|6.7j) and the fact that T* < ^ , we get that there exists C* > such that 
for T < T» 

Qt(s) < -C* || s| | 2 2 , VsG L 2 ((0,T),R). (6.12) 



Second step : approximation of first and second order. 
Using the first and second order approximation of (|6.8|) together with Proposi- 
tion the following lemma may be proved as in [5j. 
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Lemma 6.1. Let T > and fi e H 3 ((0, 1), K). There exists C = C(T) > 
such that for every s £ L 2 ((0,T),R) with ||s||x,a < 1, the solution of h6.^) - ^E7§^) 
satisfies for all j 6 {1, . . . , N} 

Q({^,^(T)})-Q Ttj (s)\ <C\\s\\ 3 L2 , 
9((^,^(T)))|<C|H|i a . 
Third step : conclusion. 

Let T < T*. Assume by contradiction, that Ve > 0, 3s £ € L 2 ((0,T),R) with 
|| s e||l 2 < £ such that 

(#(T),$(T)) = (VT - ^ + ia <5 £ ) $ 2 (T)e ie ^) , 

with 4 > and 9 £ e M. Notice that 



<L -4-0, e -> 0. 



Explicit computations lead to 



m^(T),9x(T))) = <jmpi,<Pi)6c+ 0(6% 

e— >0 



and 



3«^(r), $ a (T)» = aS £ + ^T=5l(w 2 ,<p 2 )9 e + O^). 



Thus, it comes that 



( Wl ,^)3((^(T),$ 2 (T))) - (^ 2 ,^ 2 )3((^ 1 (T),$ 1 (T))) 



-e £ + O 



Using Lemma RO to estimate 3((^(T), <£>i(T))), it comes that 



O (\\Se\\h) 



E-S-0 



Thus, 



(lMpi,<PiM(iK(T), $ a (T)» - ( Wa , ^)9f«^(T), *i(T))) 
= (ti(pi,<pi)aS e + o (||s E ||| 2 ). 

e— HJ 

Finally, combining this with Lemma |6. II and (|6.12p . we obtain 

< a((i(pi,<pi)5 e 

= (^ 1 ,^ 1 )3((4 2 (T),$ 2 (T)))-( W2 , ¥ , 2 )3((^(r),$ 1 (r)))+ o (\\se\\h) 

e— >0 

= Qt(ss)+ (\\s £ \\l 2 )+ o (\\s £ \\h) 

e— >0 e— >0 

< -a\\ Se \\i 2 + o (lis, 11 



e\\L 2 / 



This is impossible for e sufficiently small. This ends the proof of Theorem 16.11 
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6.4 Non exact controllability up to a global phase in ar- 
bitrary time with N = 3. 

In this subsection, we consider system (|1.2[) with N = 3 and prove Theorem ll.4l 
As previously, this result is a corollary of the following theorem for the auxiliary 
system. 

Theorem 6.2. Let /j, G H 3 ((0, 1),R) be such that Hypothesis HO hold. Let 
/? G { — 1,1} be defined as in Theorem \1.4\ There exists T* > and e > such 
that for any T < T*, for every s G L 2 ((0,T),K) with [ ] s| [x, a < £ > the solution of 
system l U.^p -i TOj) satisfies 

(^(T),^ 2 (T),^ 3 (T))^e iv (ZtiTy^, $ 2 (T)e^, ( ^\ - <5 2 + ips) $ 3 (T)e^) , 

/or (5 > 0, W, 6> G K. 

The proof is similar to the one of Theorem 16.11 

Proof of Theorem 16.21 : Without loss of generality, we can assume B > 0. 

First step : coercivity of the quadratic form. 
We consider the following quadratic form 

Qt(s) : = ((/i^3,<^3) - (M^2,^2})Ql,T(s) + ((lJ,(px,<pl) - {^,^))Q%,t{s) 

where Qtj is defined as in (|6.5p . This is rewritten as 

Q T (s) = -B||s||| 2 + / s(t) / s(r)/i(* - r)drdi, 
Jo Jo 

with ft G C°(R,R) and B > 0. There exists C > 0, such that 

Qt(s) < (-B + CT)\\s\\ 2 L2 , VsGL 2 ((0,T),R). 

Thus, there exists T* > 0, C* > such that for all T < T„, for all s G 
L 2 ((0,T),R), 

Q T (s) < -a||s||| 2 . 



Second step : approximation of first and second order. 
As Lemma |6~T1 is concerned with a single equation it is still valid for N = 3. 

Third step : conclusion. 
Let T < and assume, by contradiction, that Ve > 0, 3s £ G L 2 ((0,T),R) with 
||s £ ||l 2 < £ such that 

$l(T),%(T),4>l(T)) = e ^($ 1 (T) e ie ^,<i> 2 (T) e ie ^,( v ^5 2 + l /3 ( 5 £ )$3(T)e ie ^), 
with i/ t ,fl E 6R and o" e > 0. Notice that, 

8 £ 0, <9 e -> 0, e We 1. 
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Using Lemma HTT1 it comes that 



and 



f((4 1 (T),$ 1 (T)))-9((4 2 (T),$ 2 (T))) 

= ((to,vi) - (W2^2» cos(i> e )0 E + o (el) 

= o (IMIU 



3((^(T), $ X (T))) = sin(^) + ( m , V i) oos(i/ B )0 e + ^(0*) 

- o (Ik" 2 



This leads to 



fle= O (|| Se || 2 L2 ), 

sin(i/ e )= O (|| Se || 2 2 ). 



(6.13) 



For the sake of clarity, let us denote 

I(s) : = «m,V3> - (m,Va>)9(<#(T),#i(T)>) 

+ ((m^l) - (m,^3>)9(<^ 2 (T),<I> 2 (T))) 

+ (( W2> ^) - ^^i})3((i 3 (T),$ 3 (T))). 
Lemma 16. II provides the following approximation 

\l(s)-Q T (s)\<C\\s\\l 2 . 
Using estimates (|6 . 1 3|) . it comes that 

Z(8 e ) = P((fJ,(p 2 ,<p 2 ) - (mpuVl)) COs{v e )5e + ^ O q (\ \ S e \ \\ 2 )• 

Finally, for e sufficiently small, 

< P(((i<p2,<P2) - {(Jt<px,<pi)) cos(v e )5 £ 
= I(a B )+ o (\\s s \\\.) 

s— >0 

= Qt(s £ ) + O (||a e ||i a )+ o n (|W|| 3 ) 
< -C*\\s £ \\l 2 + o (||a e ||i a ). 

e— >-0 

This is impossible for e sufficiently small. This ends the proof of Theorem [ 



7 Conclusion, open problems and perspectives. 

In this article, we have proved that the local exact controllability result of 
Beauchard and Laurent for a single bilinear Schrodinger equation cannot be 
adapted to a system of such equations with a single control. Thus, we developed 
a strategy based on Coron's return method to obtain controllability in arbitrary 
time up to a global phase or exactly up to a global delay. For three equations 
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local controllability up to a global phase does not even hold in small time with 
small controls. Thus, in this setting and under generic assumptions no local 
controllability result can be proved in small time if N > 3. Finally, the main 
result of this article is the construction of a reference trajectory and application 
of the return method to prove local exact controllability up to a global phase 
and a global delay around ($i,$2,^3)- 

However our non controllability strategy is only valid for small time and we do 
not know if local exact controllability around the eigenstates (3>i,$2) hold in 
time large enough (for two equations or more). Moreover, when Hypothesis 11.21 
or 11.31 are not satisfied, we do not know if the considered quadratic forms still 
have a sign. Thus, the question of non controllability when these hypotheses do 
not hold is an open problem. 

The question of controllability of four equations or more is also open and involves 
trickier problems : there are other directions than the diagonal ones with the 
same gap frequencies (e.g. A7 — Ai = As — A4). A perturbation argument would 
be the simplest way to avoid this frequency redundancy but we would lose the 
rational dependency between the eigenvalues used in the construction of the 
reference trajectory. 

Acknowledgement : The author thanks K. Beauchard for having drawn his 
attention to this problem and for fruitful discussions. 

A Moment problems 

We define the following space 



In this article, we use several times the following moment problem result. 
Proposition A.l. Let T>0. Let (u> n )n<=N be the increasing sequence defined by 

{w„ ; n e N} = {A fc - Aj ; j G {1, 2, 3}, k > j + 1 and k = j = 3} . 
There exists a continuous linear map 



Proof of Proposition lA. II : For n E W, let w_ n := -u„. Using |361 Theorems 
9.1, 9.2], it comes that for any finite interval /, there exists C\,Ci > 0, such 
that all finite sums 



^(N,C) := {(d k ) keN G £ 2 (N, C) ; d S K} • 



C : ^(N,C) -> L 2 ((0,T),M), 



such that for all d := (d n )„ £ N, 




/(*) : =£ 




C n € C, 



n, 



satisfy 




11 



n 
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Let T > and H Q := Adh L 2 (0:T) (Span c {e it "»' ; n g Z}). Thus, (e iw »% ez is a 
Riesz basis of i.e. 

J : flo -> ^ 2 (Z,C) 

/ h+ «/,e*--)) n6Z 

is an isomorphism (see e.g. [HI Propositions 19, 20]). Let d € ^(N, C). We 
define d := (d n ) ne z g £ 2 (Z, C) by d n := d„, for n > and d n := — d- n , for 
n < 0. The map £ is defined by C(d) := J _1 (<i). The construction of d and the 
isomorphism property ensure that C(d) is real valued. 
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